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We consider a hydrogel in the framework of a continuum theory for the viscoelastic deformation of amorphous solids
developed by Anand and Gurtin [Anand, L., Gurtin, M., 2003. A theory of amorphous solids undergoing large deforma-
tions, with application to polymeric glasses. International Journal of Solids and Structures, 40, 1465–1487.] and based on
(i) a system of microforces consistent with a microforce balance, (ii) a mechanical version of the second law of thermody-
namics and (iii) a constitutive theory that allows the free energy to depend on inelastic strain and the microstress to depend
on inelastic strain rate. We adopt a particular (neo-Hookean) form for the free energy and restrict kinematics to one
dimension, yielding a classical problem of expansion of a thick-walled cylinder. Considering both Dirichlet and Neumann
boundary conditions, we arrive at stress relaxation and creep problems, respectively, which we consider, in turn, locally, at
a point, and globally, over the interval. We implement the resulting equations in a ﬁnite element code, show analytical and/
or numerical solutions to some representative problems, and obtain viscoelastic response, in qualitative agreement with
experiment.
 2006 Elsevier Ltd. All rights reserved.
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It is widely known that many solids appear in a disordered form; such solids are commonly referred to as
amorphous. The purpose of this paper is to formulate a macroscopic theory for the ﬁnite viscoelastic deforma-
tion of an amorphous solid under isothermal conditions, and subsequently apply it to modeling of stimulus-
responsive hydrogels.
Hydrogels are crosslinked, macromolecular polymer networks whose composition can be tuned to exhibit
large volumetric swelling in response to a variety of environmental stimuli, including small changes in temper-
ature, pH, and electrical current. In order to model the response of hydrogels, there is a clear need for a0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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properties of hydrogels have been conducted; a review of many of these was provided in Anseth et al. (1996).
Hydrogels exhibit rubber-like response to mechanical loading in the sense that they are capable of sustaining
large strains before the onset of permanent damage. The interaction between the crosslinked macromolecular
polymer network and the underlying solvent also gives rise to nonlinear viscoelastic behavior.
However, methods traditionally employed in viscoelasticity in general (see, e.g., Lakes, 1999) and in gel
modeling in particular do not reﬂect advancements in continuum mechanics and thermodynamics of materials
with microstructure.1 On the contrary, our modeling approach is based on the viewpoint that to each indepen-
dent kinematic process there should correspond a system of power conjugate forces. Such an approach has
been taken by Ericksen (1961) in his works on liquid crystals, by Goodman and Cowin (1972) on granular
and porous materials, and by a number of authors (Capriz and Podio-Guidugli, 1983; Capriz, 1989; Fried
and Gurtin, 1993; Fried, 1996; Gurtin, 1996) for a variety of other problems. In this framework, the basic
underlying mechanical quantity is power as opposed to force, and it is postulated that the power expended
by each independent rate-like kinematical descriptor be expressible in terms of an associated force system con-
sistent with its own balance. This requirement, together with the strong principle of virtual power, gives rise to
a set of laws consisting of standard macroscopic force and moment balances and nonstandard microforce bal-
ance. Next, we adopt a set of constitutive functions properly restricted by the requirements of frame-indiﬀer-
ence, material isotropy, and thermodynamics. Those restrictions, combined with the basic balances, give us a
set of governing equations for the medium. Kinematic restrictions then give rise to a classical one-dimensional
problem involving the expansion of thick-walled, inﬁnitely long radially-loaded cylinder.
This problem serves as an elementary application of the derived viscous gel bulk theory. In particular, we
consider in turn the inner boundary of the specimen to be ﬁxed while the outer boundary is hard-loaded, lead-
ing to a Dirichlet problem, and the inner boundary to be pressure loaded while the outer boundary is traction
free, leading to a Neumann problem. Each case leads to a nonlinear boundary-value problem which we ﬁrst
study analytically and then discretize using the ﬁnite element method.
This paper is organized as follows. To keep the paper reasonably self-contained, in Sections 2 and 3 we
summarize the pre-existing theoretical framework, based for the most part on Anand and Gurtin (2003);
namely, in Section 2, we give the basic equations associated with microforce theory and in Section 3 we impose
the general restrictions on the constitutive functions associated with amorphous hydrogels. The original con-
tribution starts with Section 4 as we choose a particular free energy density and derive the associated force
ﬁelds, while in Section 5 we adopt kinematics associated with radially symmetric solutions and scale the result-
ing governing equations. Further, in Section 6, we consider the Dirichlet problem and the stress-relaxation
behavior, both locally and globally. In Section 7 we do the same for the Neumann problem and creep, con-
sidering pure shear kinematics for localization. We conclude with a summary of our results and discussion of
future work in Section 8.2. Basic laws
To account for the roles of elastic mechanisms such as stretching and rotation of the intermolecular struc-
ture, as well as inelastic mechanisms, such as relative slippage of the molecular chains, we adapt the inelastic
microforce theory of Anand and Gurtin (2003), originally applied to modeling of viscoplastic behavior of
polycarbonate.
We consider a hydrogel that, in a given reference state, occupies a region B, and denote by X an arbitrary
point of B. A motion of B is a smooth one-to-one mapping x = y(X,t) with deformation gradient, velocity and
velocity gradient (in the deformed conﬁguration) given by21 Fo
additio
materi
2 Gr
operatr a material with microstructure we recognize a material, that, for a complete mechanical description, necessitates the introduction of
nal, with respect to standard strain, kinematical ﬁelds, e.g. plastic strain, internal state-variables etc. A classic example of such
al is liquid crystal with the associated director ﬁeld.
ad and div denote the gradient and divergence operators in the deformed conﬁguration, whereas Grad and Div denote these
ors in the reference conﬁguration.
3 An
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As is customary in ﬁnite inelasticity, we base the theory on the Kro¨ner–Lee decomposition (Kro¨ner, 1960; Lee,
1969)F ¼ FeF i; ð2:2Þ
where Fi represents the local deformation of referential segments dl = FidX in the relaxed conﬁguration, while
Fe represents the mapping of segments dl in the relaxed conﬁguration into segments dx = Fedl in the deformed
conﬁguration. By (2.1) and (2.2),L ¼ Le þ FeLiFe1; ð2:3Þ
where, by deﬁnition,Le ¼ _FeFe1; Li ¼ _F iF i1:
We deﬁne the elastic and inelastic stretching and spin tensors throughDe ¼symLe; W e ¼ skwLe;
Di ¼symLi; W i ¼ skwLi; ð2:4Þso thatLe ¼ De þW e; Li ¼ Di þW i; ð2:5Þ
and make the standard assumption that the inelastic ﬂow is incompressible, so thatdetF i ¼ 1; ð2:6Þ
ortrLi ¼ 0: ð2:7Þ
Following Anand and Gurtin, 2003, we assume that the inelastic ﬂow is irrotational, i.e.W i ¼ 0; ð2:8Þ
and, therefore,Li ¼ Di;
where Di is symmetric and deviatoric. We designate the Jacobian of the deformation,J ¼ detF ¼ detFe:
The theory is based on the belief that the power expended by each independent rate-like kinematical descriptor
can be expressed in terms of an associated force system consistent with its own balance. At present, kinemat-
ical descriptors involved are v, Le and Di, where v describes the velocity of the medium, Le corresponds to the
elastic ﬂow, and Di represents the inelastic ﬂow. Clearly, v,Le and Di are not independent; more speciﬁcally,
they are constrained by the relationgradv ¼ Le þ FeDiFe1; ð2:9Þ
which follows from (2.2), (2.3), (2.4), (2.5) and (2.8). Thus, it is not possible to derive the associated force bal-
ances directly from the power balance, and these balances are established using the strong form of the prin-
ciple of virtual power (cf. Gurtin, 2000). We assume that the power is expended internally by the (Cauchy)
stress T, work-conjugate to Le, and internal microstress Ti, work-conjugate to Di. Therefore, for any part P3W intðPÞ ¼
Z
P
ðT  Le þ J1T i DiÞdv; ð2:10Þarbitrary time-dependent subregion of BðtÞ that deforms with the body.
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ration, while P lies within the deformed body. The external expenditure of power is produced by the macro-
scopic surface traction Tn and a macroscopic body force f, which also includes inertia,WextðPÞ ¼
Z
oP
Tn  vdaþ
Z
P
f  vdv:We refer the interested reader to the original paper by Anand and Gurtin (2003) for derivation details, and
give here the resulting local balances, which consist of the standard macroscopic force balancedivT þ f ¼ 0; ð2:11Þ
the macroscopic moment balanceT ¼ T>; ð2:12Þ
and the nonstandard microforce balanceT i ¼ sym0ðJFe>TFe>Þ; ð2:13Þ
where sym0 A gives the symmetric and deviatoric component of an arbitrary tensor A.
Let w denote the free energy, measured per unit volume in the relaxed conﬁguration. We consider isother-
mal processes; the second law, therefore, takes the form of a dissipation inequalityd
dt
Z
P
wJ1 dv
 
6WextðPÞ ¼W intðPÞ: ð2:14ÞSince P is arbitrary, we can use (2.10) to localize (2.14) with the resulting local dissipation inequality:_w JT De  T i Di 6 0; ð2:15Þ
which will form the basis for our development of a constitutive theory.
3. General constitutive theory of amorphous solids
Again, following Anand and Gurtin (2003), we introduce a list of n scalar internal state variables
n = (n1,n2, . . . ,nn). Guided by our form of the dissipation inequality (2.15) and the experience with classical
theories, we assumew ¼ w^ðFe;F iÞ;
T ¼T^ðFe;F iÞ;
T i ¼T^ iðFe;F i;Di; nÞ;
_ni ¼hiðFe;F i;Di; nÞ:
ð3:1ÞWe require that the constitutive functions be frame indiﬀerent, and, by using a standard argument, restrict
(3.1) tow ¼ w^ðUe;F iÞ;
T ¼ ReT^ðUe;F iÞRe>;
T i ¼ T^ iðUe;F i;Di; nÞ;
_ni ¼ hiðUe;F i;Di; nÞ;
ð3:2Þwhere Fe = ReUe is the right polar decomposition of the elastic part of the deformation gradient.
We regard hydrogels as amorphous materials. Speciﬁcally, we refer to the material as amorphous, if
(i) all the proper rotations of the reference conﬁguration leave the response of the material unaltered, and
(ii) all the proper rotations of the relaxed conﬁguration leave the response unaltered.
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T ¼ReT^ðU e;V iÞRe>;
T i ¼T^ iðUe;V i;Di; nÞ;
_ni ¼hiðUe;V i;Di; nÞ;
ð3:3Þwith Fi = ViRi being the left polar decomposition of the inelastic part of the deformation gradient. Introducing
the right elastic and left inelastic Cauchy–Green stretches,C e ¼ Fe>Fe ¼ ðUeÞ2;
Bi ¼ F iF i> ¼ ðV iÞ2;and replacing Re by FeUe1, Ue by
ﬃﬃﬃﬃﬃﬃ
C e
p
and Vi by
ﬃﬃﬃﬃﬃ
Bi
p
allows us to recast the response functions asw ¼ wðC e;BiÞ;
T ¼ Fe TðC e;BiÞFe>;
T i ¼ T iðC e;Bi;Di; nÞ;
_ni ¼ hiðC e;Bi;Di; nÞ:
ð3:4ÞThe constitutive functions thus restricted and the dissipation inequality produce, via the Coleman–Noll proce-
dure, the thermodynamic restrictions on the form of the Cauchy stress, as well as the microstress:4T ¼ 2J1Fe o
wðC e;BiÞ
oC e
 
Fe>; ð3:5Þ
T i ¼ 2sym0
owðC e;BiÞ
oBi
Bi
 
þ Y iðC e;Bi;Di; nÞ; ð3:6Þwhere Yi is a response function denoting nonstandard dissipative ﬂow stress, which must satisfy the residual
dissipation inequalityD ¼ Y iðC e;Bi;Di; nÞ Di P 0;
D represents the energy dissipated per unit volume in the relaxed conﬁguration. We deﬁne the driving stress asSdrive ¼ sym0ðJFe>TFe>Þ ð3:7Þ
and the back-stress asSback ¼ 2sym0
ow
oBi
Bi
 
: ð3:8ÞThen, the microforce balance (2.13) is justT i ¼ Sdrive;
which, combined with the thermodynamic restriction (3.6) and the deﬁnition of back-stress (3.8) gives us the
ﬂow ruleSdrive  Sback ¼ Y iðC e;Bi;Di; nÞ; ð3:9Þ
an equation governing inelastic ﬂow and constituting one of the cornerstones of the present theory.ilar restrictions were derived by Cermelli et al. (2001).
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At this point, our system of governing equations consists of a macroforce balance (2.11), supplied with the
restriction for the Cauchy stress (3.5), and the ﬂow rule (3.9). To be able to solve for the deformation and
other ﬁelds speciﬁcally in the hydrogel, we need to supply the response functions for w, Yi, and set the evo-
lution law for the internal state variables n. We start by assuming that the free energy is separable, i.e.5 Th
and W
6 ThwðC e;BiÞ ¼ weðC eÞ þ wiðBiÞ: ð4:1Þ
Further, we need to settle on the speciﬁc functions for we and wi. As our present purpose is the illustration of
applicability of the general theory to rubbery polymeric systems with amorphous microstructure, such as
hydrogels, we assume a compressible neo-Hookean we:5weðC eÞ ¼ 1
2
leðtrC e  3Þ  1
2
le log detC e þ 1
8
keðlog detC eÞ2; ð4:2Þand an incompressible neo-Hookean wi:wiðBiÞ ¼ 1
2
liðtrBi  3Þ: ð4:3ÞWe assume that the dissipative ﬂow stress Yi has the speciﬁc form,Y iðC e;Bi;Di; nÞ ¼ ‘ðC e;Bi; nÞjDijm1Di; ð4:4Þ
where‘ðC e;Bi; nÞ > 0;
and m is constant;6 then, the ﬂow rule (3.9) becomesSdrive  Sback ¼ ‘ðC e;Bi; nÞjDijm1Di;
which, for m > 0 may be inverted with respect to Di with the resultDi ¼ ‘1mðC e;Bi; nÞjSdrive  Sbackj
1m
m ðSdrive  SbackÞ: ð4:5ÞWe restrict the list of internal variables to just one scalar representing the intermolecular resistance to inelastic
ﬂow,s > 0and assume the simplest situation of a frozen microstructure,‘ ¼ s  const ð4:6Þ
So far the macrostress has been expressed in terms of the Cauchy stress T; however, as it is usual in solid
mechanics, it is more convenient to work with the ﬁrst Piola–Kirchhoﬀ stress S, whereS ¼ ðdetFÞTF>:
We neglect standard body forces and recast the macrostress balance asDivS ¼ 0; ð4:7Þ
restricted byS ¼ 2Fe o
w
oC e
 
Fp>: ð4:8Þis particular form of free energy is widely used in computations associated with compressible isotropic ﬁnite elasticity (see, e.g. Bonet
ood, 1997) and proceeds from a general approximation scheme given, for example, in (Ogden, 1984).
e limit m! 0 renders the theory rate-independent, while m = 1 makes it linearly viscous.
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for S:Fig. 1.
uniform
boundS ¼ le FeF i>  F> þ ke logðdetFÞF>: ð4:9Þ
A similar process based on (3.7), (3.8) and the form of w gives the form of the driving and back-stressesSdrive ¼ lesym0C e;
Sback ¼ lisym0Bi:
ð4:10ÞThese relations, combined with the inverted ﬂow rule (4.5) and the frozen microstructure assumption (4.6)
produce this simpliﬁed evolution equation,Di ¼ s1mjlesym0C e  lisym0Bij
1m
m ðlesym0C e  lisym0BiÞ; ð4:11Þand the amount of energy dissipated per unit relaxed volume becomesD ¼ Y i Di ¼ sjDijmþ1 ¼ s1mjlesym0C e  lisym0Bij
1þm
m : ð4:12Þ5. Kinematical specialization
We consider the problem of a long thick-walled but hollow cylinder with radially uniform boundary con-
ditions (see Fig. 1). Introducing cylindrical coordinates (r,h,z) with the basis {er,eh,ez}, we assume that, in the
reference conﬁguration, the specimen occupies the regionR ¼ fX : a 6 r 6 R; 0 6 h < 2p; 1 < z < þ1g;
where a > 0. The boundary oR consists of inner and outer cylindrical surfaces, which we denote by oRi and
oRo, respectively. We will consider two sorts of boundary conditions: the displacement, leading to a Dirichlet-
type boundary-value problem,a b
Schematic representation of the expansion of a thick-walled, inﬁnitely long cylinder. (a) For Dirichlet boundary conditions, a
non-zero radial displacement is applied on the outer cylinder surface, while the inner surface is held ﬁxed. (b) For Neumann
ary conditions, a uniform pressure is applied on the inner surface, while the outer surface is traction-free.
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and internal pressure, leading to a Neumann-type boundary value problem,SerjoRi ¼ per; SerjoRo ¼ 0: ð5:2Þ
The minus sign is a consequence of the pressure direction, outward pressure being taken positive.
We restrict attention to circumstances in which the radial deformation depends at most on radial position r
and time t, and the axial deformation ensures compatibility, viz.,yðr; z; tÞ ¼ f ðr; tÞer þ zez; ð5:3Þ
where, naturally, f (r,t) is positive for all admissible r and t. Now, the deformation gradient has the particular
formFðr; tÞ ¼ f 0ðr; tÞer  er þ f ðr; tÞr eh  eh þ ez  ez; ð5:4Þand the associated Jacobian is given byJðr; tÞ ¼ detFðr; tÞ ¼ f ðr; tÞf
0ðr; tÞ
r
> 0: ð5:5ÞSince detF > 0, it follows that f must also obey the inequality f 0(r,t) > 0 for a 6 r 6 R.
Apart from the total deformation y and, hence, F, we need to restrict the inelastic deformation governed by
Fi to our cylindrically symmetric problem. As Fi must preserve the symmetry, it needs to possess the cylindrical
basis as eigenvectors, and be volume-preserving (cf. (2.6)). This eﬀectively leaves two independent compo-
nents, and the inelastic part of the deformation gradient has the formF iðr; tÞ ¼ cðr; tÞer  er þ 1cðr; tÞdðr; tÞ eh  eh þ dðr; tÞez  ez; ð5:6Þwhere c (r,t) is the measure of radial inelastic deformation, and d (r,t) is the measure of axial inelastic
deformation.
In view of (5.4) and (5.6) the elastic part of the deformation gradient becomes (we drop the common depen-
dence on (r,t) here)Fe ¼ FFi1 ¼ f
0
c
er  er þ f cdr eh  eh þ
1
d
ez  ez; ð5:7Þand, in view of (4.9), the radial, hoop and axial components of the stress S areSrr ¼le f
0
c2
 1
f 0
 
þ k
e
f 0
log
ff 0
r
 
;
Shh ¼le f c
2d2
r
 r
f
 
þ ke r
f
log
ff 0
r
 
;
Szz ¼le 1
d2
 1
 
þ ke log ff
0
r
 
;
ð5:8Þwith all other components vanishing. Under these assumptions, the macroforce balance (4.7) reduces to the
scalar equation o/or (rSrr) = Shh, which, by (5.8)1,2 can be written aso
or
le
rf 0
c2
 r
f 0
 
þ ke r
f 0
log
ff 0
r
  
¼ le f c
2d2
r
 r
f
 
þ ke r
f
log
ff 0
r
 
: ð5:9ÞThe boundary conditions (5.1) and (5.2) now yieldf ða; tÞ ¼ a; f ðR; tÞ ¼ f0 ð5:10Þ
for the Dirichlet problem, andSrrða; tÞ ¼ p; SrrðR; tÞ ¼ 0 ð5:11Þ
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In order to establish the ﬂow rule (or microforce balance), we appeal to equations (4.10) and write for the
driving and back-stressSdrive ¼ le 2
3
f 02
c2
 1
3
f 2c2d2
r2
þ 1
d2
  
er  er þ 2
3
f 2c2d2
r2
 1
3
f 02
c2
þ 1
d2
  
eh  eh

þ 2
3
1
d2
 1
3
f 02
c2
þ f
2c2d2
r2
  
ez  ez

; ð5:12Þ
Sback¼ li 2
3
c21
3
1
c2d2
þd2
  
er erþ 2
3
1
c2d2
1
3
c2þd2	 
 eh ehþ 2
3
d21
3
c2þ 1
c2d2
  
ez ez
 
:
ð5:13Þ
The inelastic deformation rate Di can be expressed asDi ¼ _F iF i1 ¼ _c
c
er  er 
_cd
cd
eh  eh þ
_d
d
ez  ez: ð5:14ÞWe assume that the degree of viscosity parameter m (cf. (4.4)) in the gel reaches its maximal value, i.e. m = 1.
To our knowledge it has yet to be experimentally determined for a material comparable to a hydrogel. The
present choice is primarily based on the perception of a hydrogel as a soft and highly dissipative medium,
as well as algorithmic convenience. Upon this assumption, the ﬂow rule (4.11) yields two independent equa-
tions for c and d:_c
c
¼ s1 le 2
3
f 02
c2
 1
3
f 2c2d2
r2
þ 1
d2
  
 li 2
3
c2  1
3
1
c2d2
þ d2
   
; ð5:15Þ
_d
d
¼ s1 le 2
3
1
d2
 1
3
f 02
c2
þ f
2c2d2
r2
  
 li 2
3
d2  1
3
c2 þ 1
c2d2
   
: ð5:16ÞAs the initial condition, a virgin state of the material is assumed, i.e.cðr; 0Þ ¼ 1; dðr; 0Þ ¼ 1 for all a 6 r 6 R:
We introduce the non-dimensional variables,x :¼ r
R
; q :¼ f
R
; t :¼ t
T
;the non-dimensional material parameters,k :¼ k
e
le
; l :¼ l
i
le
; f :¼ s1leT ;and the non-dimensional boundary parameters, :¼ a
R
; p :¼ p
le
; a :¼ f0
R
;and convert equation (5.9) intoo
ox
xq0
c2
 x
q0
þ k x
q0
log
qq0
x
  
 qc
2d2
x
 x
q
þ k x
q
log
qq0
x
  
¼ 0; ð5:17Þsupplied with eitherqð; tÞ ¼ ; qð1; tÞ ¼ a; ð5:18Þ
orSrrð; tÞ ¼ p; Srrð1; tÞ ¼ 0; ð5:19Þ
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0
c2
 1
q0
þ k
q0
log
qq0
x
 
;
Shh ¼ qc
2d2
x
 x
q
þ kx
q
log
qq0
x
 
; ð5:20Þ
Szz ¼ 1
d2
 1þ k log qq
0
x
 
:The inelastic ﬂow equations (5.15) and (5.16), when non-dimensionalized, transform into_c ¼ fc 2
3
q02
c2
 1
3
q2c2d2
x2
þ 1
d2
 
 l 2
3
c2  1
3
1
c2d2
þ d2
   
; ð5:21Þ
_d ¼ fd 2
3
1
d2
 1
3
q02
c2
þ q
2c2d2
x2
 
 l 2
3
d2  1
3
c2 þ 1
c2d2
   
; ð5:22Þsubject to the initial conditionscðx; 0Þ ¼ 1; dðx; 0Þ ¼ 1 for all  6 x 6 1: ð5:23Þ
We will also use the values of free energy, which in the present context have the formweshear ¼
1
2
q02
c2
þ q
2c2d2
x2
þ 1
d2
 3
 
;
wevolume ¼ log
qq0
x
 
þ 1
2
k log
qq0
x
 2
; ð5:24Þ
wi ¼ 1
2
l c2 þ 1
c2d2
þ d2  3
 
;where weshear, w
e
volume and w
i denote elastic shear, elastic volumetric, and inelastic parts of free energy, respec-
tively. The dissipation rateD ¼ 2
f
_c
c
 2
þ _c
_d
cd
þ
_d
d
 !28<
:
9=
;:To solve the system of governing Eqs. (5.17), (5.21) and (5.22) supplied with initial-boundary conditions (5.18)
(or (5.19)) and (5.23), we use a spatial ﬁnite-element discretization to construct approximations of q, and a
temporal ﬁnite-diﬀerence discretization at Gauss points to construct approximations of c and d. Our approach
involves recasting the elasticity equation (5.17) in an equivalent variational form using a Galerkin approxima-
tion with a piecewise-linear ﬁnite element basis, linearizing the resulting system, solving it for each time step
with a Newton–Raphson procedure and updating inelastic variables using local inelastic ﬂow equations (5.21)
and (5.22). After this, we compute dimensionless stresses and free energy. We report results for a mesh con-
sisting of 500 spatial elements with uniform nodal spacing, and constant time step of Dt = 0.01. This yields
spatially convergent approximations for all cases.
Our main goal is to investigate the model response, i.e. elastic and inelastic deformations, stresses, free
energy and energy dissipated, as dependent on parameters k, f, l and p. To ﬁx baseline quantities for these
studies, we consider a gel with characteristic radius of R = 1 cm, a characteristic stress relaxation time of
T = 1 h = 3600 s and a characteristic shear modulus of le = 100 kPa. An estimate of the bulk coeﬃcient
ke and inelastic modulus li for gel can be inferred from Dolbow et al. (2004) and Anand and Gurtin
(2003), respectively; the resulting non-dimensional parameters are shown in Table 1, as ‘‘non-dimensional
trial value.’’
Table 1
Baseline material properties and parameters used in parametric studies
Property Scaling Non-dimensional trial value
ke k ¼ kele 1
li l ¼ lile 0.1
s f ¼ leTs 1.8
a  ¼ aR 0.1
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We start the model exposition with the Dirichlet problem. Before considering the inelastic response, we
investigate a purely elastic solution of (5.17).
6.1. The ﬁnite elasticity solution
The numerical results for the stretchFig. 2.
lineara ¼ 1:5; ð6:1Þ
while keeping f = 0, c = d  1, are presented in Figs. 2 and 3. We do not observe a strong sensitivity of the
deformation q (x) to the bulk coeﬃcient k. This is to be expected, since k expresses volumetric behavior of
the gel, while Dirichlet boundary conditions are imposed; what does depend on k are stresses and energies.
While contemplating the form of equation (5.17) and the solution q (x), one observe that the deformation solu-
tion lies close to the linear functionq ¼ ax; ð6:2Þ
in fact, (6.2) satisﬁes the elasticity equation and the right edge boundary condition. To linear deformation (6.2)
there correspond spatially constant stress components,Srr ¼ Shh ¼ a 1aþ
2k
a
log a;
Szz ¼ 2k log a; ð6:3Þ0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0
0.5
1
1.5
x
q
numerical solution
constantstrain approximation
Deformation ﬁeld q (x) as a solution to the Dirichlet BVP (5.17), (5.18) in the elastic case (black solid line), plotted together with a
approximation (6.2) (red dashed line). These two ﬁelds diﬀer only close to the left edge, for the range of bulk k we considered.
a b
Fig. 3. (a) Radial stress Srr, (b) free energy density w corresponding to q (x) from solution of elastic Dirichlet BVP (black solid line) and
linear q (x) (6.2) (red dashed line). Both ﬁelds diﬀer only near the left edge. (For interpretation of the references to color in this ﬁgure
legend, the reader is referred to the web version of this paper.)
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wevol ¼ 2 log aþ 2kðlog aÞ2; ð6:4Þ
ðwi ¼ 0Þ:The elementary approximation (6.2), together with (6.3)1 and (6.4), is shown in Figs. 2 and 3 for comparison
with the numerical approximation. Thus, one can see that for the Dirichlet problem involving thick-walled
cylinder ( 1), a linear deformation approximation is reasonable for a large part of the spatial domain.
It diﬀers signiﬁcantly from the numerical solution only close to the left edge; there, the stress reaches its peak,
which cannot be captured analytically.
Obviously, there is no dissipation in the elastic case; and energy does not change with time.
6.2. Local inelastic behavior
It can be easily perceived from the elastic case that, for the Dirichlet problem, a linear deformation of the
form (6.2) closely follows the numerical solution everywhere away from x = . Other ﬁelds, such as S and w,
are also well approximated by the derived quantities; moreover, these ﬁelds are spatially constant. Hence, in
order to study the model response using established methods of viscoelasticity, it makes sense to consider (6.2)
for q with prescribed a. Then, the macroforce balance (5.17) is satisﬁed, providedd ¼ 1
c2
; ð6:5Þand the ﬂow rule equations (5.21) and (5.22) reduce to a single ﬁrst order equation in time for c_c ¼ 1
3
f
a2
c
 c5 þ l 1
c3
 c3
  
; ð6:6Þsupplied with c(0) = 1. By the same token, the stress assumes the formS ¼ a
c2
 1
a
þ 2k
a
log a
 
ðer  er þ eh  ehÞ þ ðc4  1þ 2k log aÞez  ez; ð6:7Þand the free energy yields
7 Som
when w
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1
2
2a2
c2
þ c4  3
 
;
wevolume ¼ 2 log aþ 2kðlog aÞ2; ð6:8Þ
wi ¼ 1
2
l 2c2 þ 1
c4
 3
 
:For this approximate linear deformation, the driving and back-stresses areSdrive ¼ 1
3
a2
c2
 c4
 
er  er þ eh  eh  2ez  ezf g;
Sback ¼ 1
3
l c2  1
c4
 
er  er þ eh  eh  2ez  ezf g;
ð6:9Þand the dissipation rate isD ¼ 2
3
f c4  a
2
c2
 l 1
c4
 c2
  2
¼ 6
f
_c
c
 2
: ð6:10Þ6.2.1. Behavior in the absence of back-stress
Since the inelastic modulus l is generally small (cf. Table 1), we can start the study by neglecting the terms it
involves, i.e. the back-stress. Under this condition, inelastic ﬂow at the point develops according to_c ¼ 1
3
f
a2
c
 c5
 
; cð0Þ ¼ 1: ð6:11ÞProvided the stretch a is temporally constant, (6.11) can be integrated in time to giveF ðc; aÞ  F ð1; aÞ ¼ 2
3
a
4
3ft; ð6:12ÞwithF ðc; aÞ ¼ 1
6
log
c4 þ c2a23 þ a43
ða23  c2Þ2
 !
þ 1ﬃﬃﬃ
3
p arctan 2c
2 þ a23ﬃﬃﬃ
3
p
a
2
3
 !
: ð6:13ÞIn view of the factor in front of the time variable on the right side of (6.12), it is evident that the rate of change
of the inelastic variable c scales with f and a as a
4
3f. This clearly reveals the non-linear, load-dependent nature
of relaxation processes taking place, and predicts, that the initial inelastic ﬂow happens faster than the recov-
ery following stretch removal, with the rate ratio of a
4
3.7
Unfortunately, (6.12) cannot be inverted to express c as a function of (t,a); moreover, if a depends on time,
(6.12) no longer holds, and we must revert to numerical integration to solve (6.11).
The structure of equilibria in the absence of back-stress is very simple; namely, for each a there exists a
unique equilibrium inelastic state c* such thatc ¼ a
1
3;and c monotonically approaches c*, either from below or from above, depending on the sign of c*  c(0).
Other ﬁelds, such as stress and energy (density), behave in a similar fashion, namelySrr ¼Shh ¼ a13  1aþ
2k
a
log a;
weshear ¼
3
2
a
4
3  1
 
;ewhat approximately, since any time-dependent behavior of stretch invalidates, strictly speaking, the relation (6.12). However,
e are dealing with slow loading-relaxation, the 4/3 ratio represents a very good approximation.
3986 V. Korchagin et al. / International Journal of Solids and Structures 44 (2007) 3973–3997wevolume remains the same as for an elastic solution, and w
i
 vanishes. In the absence of stretch (a = 1) the mate-
rial returns to its virgin state (c* = 1). Thus here the model exhibits, in viscoelasticity terms, anelastic behavior
(Lakes, 1999), or, in plasticity terms, the absence of hardening.
The relaxation and recovery behavior are depicted in Figs. 4 and 5, respectively. We apply a step-like
stretch at t = 0 and remove it at t = 1; in response the inelastic variable grows exponentially and advances
close to its equilibrium value. Upon stretch removal, it returns to the initial position (Fig. 4(b)); the times
of growth and decay approximately constitute the ratio of ð1:5Þ
4
3
1
 1:72. The radial stress follows a similar pat-
tern (Fig. 5).
The dynamic response of the material is depicted in Figs. 6 and 7. We supply a linear pulse stretch function
with the base of a = 1 (no stretch), amplitude of Da = 0.5 and period Dt = 1, in line with the previous calcu-
lation. The inelastic ﬂow demonstrates nonlinear viscoelastic behavior; c tends to follow its equilibrium value,
but lags behind by a constant phase diﬀerence due to viscosity (Fig. 6(b)). The corresponding radial stress is
shown in Fig. 7(a), while Fig. 7(b) shows the stress-deformation dependence producing a hysteresis loop. As
usual, the area inside the loop represents the energy dissipated per cycle.
Summarizing, we can infer that the material behavior in the absence of back-stress is anelastic with ever
present non-linearity.
6.2.2. Behavior in the presence of back-stress
In order to understand the inﬂuence of back-stress on the local behavior of the Dirichlet problem solution,
let us consider equilibria ﬁrst. Designating again by c* the stationary value of c, we have, from (6.6)Fig. 4.
charac
togeth
interpra2
c
 c5 þ l
1
c3
 c3
 
¼ 0:Multiplying this equation by c3 and renaming b ¼ c2 yields
b4 þ lðb3  1Þ  a2b ¼ 0: ð6:14ÞFrom the structure of functions involved and the value of parameters, it is easy to notice that (6.14) has a
unique positive solution b*, expressed up to the linear term in l asb ¼ a
2
3 þ l 1 a
2
3a2
þ Oðl2Þ: ð6:15Þa b
(a) Stepped stretch a used in stress relaxation and recovery calculation in the absence of back-stress. Stretch is released after
teristic settlement time of 1, (b) Measure of inelastic deformation c versus time in stress relaxation and recovery (black solid line)
er with its equilibrium value (red dashed line). The recovery occurs approximately twice as slow as the initial inelastic ﬂow. (For
etation of the references to color in this ﬁgure legend, the reader is referred to the web version of this paper.)
a b
Fig. 5. (a) Radial stress Srr versus time in stress relaxation and recovery problem in the absence of back-stress (black solid line) with its
equilibrium value (red dashed line), (b) driving (black solid line) and back-stress (red dashed line), Sback is absent when l = 0. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this paper.)
a b
Fig. 6. (a) Linear pulse stretch a used for cyclic loading with period of 2 and amplitude 0.5, (b) measure of inelastic deformation in cyclic
loading vs. time (black solid line) with its equilibrium value (red dashed line), in the absence of back-stress. (For interpretation of the
references to color in this ﬁgure legend, the reader is referred to the web version of this paper.)
V. Korchagin et al. / International Journal of Solids and Structures 44 (2007) 3973–3997 3987This entails, for c*, Srr* and components of w*c ¼a
1
3 þ l 1 a
2
6a
7
3
þ Oðl2Þ;
Srr ¼Shh ¼ a13  1aþ
2k
a
log a l 1 a
2
3a
7
3
þ Oðl2Þ; ð6:16Þ
weshear ¼
3
2
a
4
3  1
 
þ Oðl2Þ;
wi ¼
1
2
lð2a23 þ a43  3Þ þ Oðl2Þ;and wevolume is the same as in the elastic case.
a b
Fig. 7. (a) Temporal variation of radial stress Srr in cyclic loading (black solid line) and its equilibrium value (red dashed line), in the
absence of back-stress (b) Radial stress Srr vs. stretch a in cyclic loading (black solid line). The equilibrium path, corresponding to absence
of hysteresis, is depicted by the red dashed line. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to
the web version of this paper.)
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a = 1 equation (6.14) possesses a unique positive solution of b* = 1. This signiﬁes that in the absence of stretch
the material returns to its virgin state, and, hence, the response is again anelastic. Next, from (6.16), it can be
seen that the back-stress delays the development of elasticity and reduces the absolute value of the radial
stress, in accord with expectations. Its energetic contribution consists (up to O(l2)) only of the inelastic energy
component wi. All of these terms clearly depend on a, as one would expect in a nonlinear setting.
The relaxation and recovery processes are depicted in Figs. 8 and 9. The material response preserves its
qualitative features, the corrections introduced by (6.16) are satisfactory, and these equilibrium values are
attained with almost the same speed. The driving stress Sdrive now, however, does not vanish in the relaxed
state, but gets equilibrated by Sback (Fig. 9(b)).a b
Fig. 8. (a) Stepped stretch a used in stress relaxation and recovery calculation. Stretch is released after characteristic settlement time of 1,
(b) measure of inelastic deformation c versus time in stress relaxation and recovery (black solid line) with its equilibrium value, either
corrected for back-stress (black dashed line), or not corrected for back-stress (red dashed line). (For interpretation of the references to
color in this ﬁgure legend, the reader is referred to the web version of this paper.)
a b
Fig. 9. (a) Radial stress Srr versus time in stress relaxation and recovery problem with back-stress, line convention the same as before, (b)
Driving (black solid line) and back-stress (red dashed line). (For interpretation of the references to color in this ﬁgure legend, the reader is
referred to the web version of this paper.)
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inelastic deformation; the correction introduced by (6.16) permits us to somewhat improve the estimate.
6.3. Global inelastic behavior
The global solution of the Dirichlet problem for the same constant stretch of a = 1.5 and trial material
parameters is presented in Figs. 12 and 13. Here we see that once the stretch is applied, deformation does
not evolve with time. However, the inelastic deformation accumulates with time, with a characteristic peak
on the left edge. Simultaneously with this growth, the stress relaxes, and the free energy settles after some dis-
sipation; this dissipation occurs at the expense of elastic shear energy, while the elastic volume energy con-
serves and inelastic energy stays close to zero. In summary, the model behaves in a consistent anelastic
manner with spatial inhomogeneity.a b
Fig. 10. (a) Linear pulse stretch function a with the same period and amplitude, (b) measure of inelastic deformation c versus time in cyclic
loading (black solid line), with either its equilibrium value corrected (black dashed line) or not corrected (red dashed line) for back-stress.
(For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this paper.)
a b
Fig. 11. (a) Radial stress Srr versus time in cyclic loading with back-stress, line convention the same as above, (b) Driving (black solid line)
and back-stress (red dashed line). (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this paper.)
a b
Fig. 12. (a) Deformation ﬁeld q(x) as numerical solution of Dirichlet BVP. (b) Inelastic deformation c; black solid line represents the ﬁnal
relaxed state, black dashed line indicates the initial state, while the red dashed line corresponds to the linear approximation. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this paper.)
3990 V. Korchagin et al. / International Journal of Solids and Structures 44 (2007) 3973–39977. Neumann problem
We now consider the Neumann problem, starting again with a purely elastic solution of Eq. (5.17) supplied
with (5.19).7.1. The ﬁnite elasticity solution
We set the level of internal pressure top ¼ 1;
a b
Fig. 13. (a) Radial stress, and (b) free energy, (line meaning is as inscribed).
a b
Fig. 14. (a) Deformation ﬁeld q(x) as solution of Neumann BVP (5.17), (5.19) in the elastic case, together with initial stretch q = x and (b)
their diﬀerence q(x)  x, representing the displacement.
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edge (x = ) with a corresponding rise in stress and free energy density. However, here, in contrast to the
Dirichlet case, we cannot easily approximate the form of the stretch and/or stress, and, consequently, localize
the problem. In order to circumvent this obstacle and comprehend, to some degree, the local material behavior
in the Neumann case, we resort to a pure shear model.7.2. Local inelastic behavior from the pure shear model
The deformation here is largely volume-preserving and, hence, stress is predominantly shear. So, kinemat-
ically restricting the model to spatially constant pure shear one can hope to capture the essential local
response. In line with that, and following Anand et al. (2005), we introduce a body R which, in a reference
conﬁguration, occupies a strip of ﬁnite height h in the y-direction, but is unbounded in the x and z-directions,
i.e.
a b
Fig. 15. (a) Radial stress Srr and (b) free energy density w corresponding to q (x) from solution of elastic Neumann BVP. Stress on the left
edge is prescribed, whereas stress on the right edge is zero. Stress energy is concentrated near the left edge.
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and restrict attention to plane-strain shearing,yðX ; tÞ ¼ X þ uðY ; tÞð Þex þ Y ey þ Zez;
where u(Y,t) is a (scalar) displacement in the x-direction. Then, designating by ce(Y,t) and ci(Y,t) the elastic
and inelastic strains, we have the counterpart of deformation gradient representation (2.2) in the formou
oY
¼ ce þ ci; ð7:1Þthis deformation, naturally, is volume-preserving. As before, we want to establish the macro- and microforce
balances, and, since the ‘rate-like’ kinematical descriptors o _u=oY , _ce and _ci are constrained byo _u
oY
¼ _ce þ _ci; ð7:2Þ(due to (7.1) and the logical counterpart of (2.9)), we must use the principle of virtual power. Denoting by P an
arbitrary subinterval of R, we need to write both the internal and external power expenditures on P. We as-
sume that the internal power expenditures consist of a power expended by a standard shear stress s, conjugate
to _ce and of a power expended by a microstress si, conjugate to _ci, henceW intðPÞ ¼
Z
P
ðs _ce þ si _ciÞdY : ð7:3ÞFurther, as we neglect inertia and all body forces, we assume that the power expended macroscopically on P
results from a shearing accompanying the motion _u of the body, hence,WextðPÞ ¼ ½s _u	h0: ð7:4Þ
Then, requiringWextðPÞ ¼W intðPÞ;
for all P and all generalized virtual velocities consistent with (7.2) leads, in the same manner as in Section 2, to
the macroforce balanceos
oY
¼ 0;
V. Korchagin et al. / International Journal of Solids and Structures 44 (2007) 3973–3997 3993yieldings ¼ const; ð7:5Þ
and microforce balances ¼ si: ð7:6Þ
Eq. (7.5) aﬃrms the constant stress through the interval, and thus validates our kinematical assumption in the
sense of localization. Letting w denote the free-energy density, we write the interval dissipation inequality asd
dt
Z
P
wdY
 
6WextðPÞ ¼W intðPÞ:and the resulting local dissipation inequality_w s _ce  si _ci 6 0: ð7:7Þ
Making constitutive assumptions in line with (3.1), i.e.w ¼w^ðce; ciÞ;
s ¼s^ðce; ciÞ;
si ¼s^iðce; ci; _ci; fÞ;where, from the start, f is a constant parameter, we obtain from (7.7) and the Coleman–Noll procedure the
thermodynamic restrictions,s^ ¼ ow^
oce
;
s^i ¼ ow^
oci
þ vðce; ci; _ci; fÞ; ð7:8ÞandD ¼ vðce; ci; _ci; fÞ _ci P 0:
Assumingv ¼ ‘ðce; ci; fÞ _ci;
with ‘(ce,ci,f) non-negative, we invert the restriction (7.8)2 to express _ci,_ci ¼ ‘1ðce; ci; fÞ s^i  ow^
oci
 !
:Combining the last equation with the microforce balance (7.6) and dropping the hats for convenience, we get
the sole governing equation:_ci ¼ s1ðs liciÞ; ð7:9Þ
supplied with the initial condition of zero inelastic straincið0Þ ¼ 0: ð7:10Þ
Here, as before, we ﬁxed ‘ = s = const, and took the stress s as prescribed. By performing scaling according tot :¼ t
T
; s :¼ s
le
; l :¼ l
i
le
; f :¼ s1leT ;we arrive at
a b
Fig. 16. (a) Stepped shear stress s used in creep and recovery calculation; stress is removed after characteristic settlement time, (b) inelastic
strain ci vs. time (black solid line) with its exponential approximation from (7.12) (red dashed line). (For interpretation of the references to
color in this ﬁgure legend, the reader is referred to the web version of this paper.)
a b
Fig. 17. (a) Linear pulse shear s used for cyclic loading with the period of 20 and amplitude of 1, (b) inelastic strain ci vs. time (black solid
line) with exponential approximation from (7.12) (red dashed line). (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this paper.)
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cið0Þ ¼0: ð7:11ÞWhen the stress s is time-independent, (7.11) has a solution,ci ¼ s
l
ð1 expðfltÞÞ; ð7:12Þ(while ce = s, in scaled form). Thus, we see that ci grows (relaxes) exponentially from zero to its asymptotic
value of s/l, with a characteristic relaxation time of 1/fl. Considering the limit of ci, when l! 0, yields linear
inelastic ﬂow,cijl!0 ¼ sft;
a b
Fig. 18. (a) Deformation ﬁeld q (x) as solution of Neumann BVP. (b) Inelastic deformation c; black solid line represents the ﬁnal state, red
dashed line represents the initial state. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this paper.)
a b
Fig. 19. (a) Radial stress, and (b) free energy.
V. Korchagin et al. / International Journal of Solids and Structures 44 (2007) 3973–3997 3995hence, in the absence of back-stress, unbounded creep is predicted. Further, as soon as stress is removed (s = 0),
inelastic deformation relaxes back to zero and creep behavior is also anelastic.
Pure shear kinematics also allows us to determine storage and loss moduli G 0 and G00 associated with hydro-
gel in the present model’s framework. To do so, we prescribe the total sinusoidal strain,o _u
oY
:¼ c0 sinxt;express from the restriction (7.1) the inelastic strain ci as the function of shear stress s,ci ¼ c0 sinxt  s;
and substitute into the evolution Eq. (7.11)1 to yield the equation for s,_s ¼ fð1þ lÞsþ c0x cosxt þ flc0 sinxt: ð7:13Þ
3996 V. Korchagin et al. / International Journal of Solids and Structures 44 (2007) 3973–3997We look for a periodic solution of (7.13) in the form containing the rheological moduli,sðtÞ ¼ c0 G0ðxÞ sinxt þ G00ðxÞ cosxtð Þ;
to obtain, for the storage modulus,G0 ¼ f
2lð1þ lÞ þ x2
f2ð1þ lÞ2 þ x2 ;for the loss modulus,G00 ¼ fx
f2ð1þ lÞ2 þ x2 ;and for the loss tangent,tan d :¼ G
00
G0
¼ fx
f2lð1þ lÞ þ x2 :Representative local creep and recovery curves are shown in Fig. 16, with time intervals of computation
adjusted to predicted relaxation times. Corresponding dynamic behavior is shown in Fig. 17; a viscous phase
diﬀerence between prediction (7.12) and direct solution of (7.11) is observed.
7.3. Global inelastic behavior
The global numerical solution to the Neumann (creep) problem for constant pressure p = 1 and trial
material parameters is presented in Figs. 18 and 19, respectively. When the internal pressure is applied,
the stress distributes across the interval, as shown in Fig. 19, and changes little with time, hence validating
our constant pure shear approximation. Then, creep ﬂow occurs in approximately exponential manner, as
predicted, with larger inelastic deformation corresponding to larger strain near the left edge. The relaxation
time is considerably larger than in the Dirichlet case, and for the numbers under consideration constitute
roughly t = 10. The total free energy grows, with growth due to inelastic and shear elastic contributions,
while elastic volume energy drops, due to volume increase. In summary, the model behaves in a consistently
anelastic manner.
8. Summary and concluding remarks
With the emergence of technologies that rely on the novel swelling behavior of hydrogels comes a convinc-
ing need for physically accurate theories and numerical simulations capable of capturing, analyzing and pre-
dicting their behavior, both in the bulk and in fracture. Starting with the bulk model, and guided by the
thermodynamically advanced theory of amorphous glasses (Anand and Gurtin, 2003), we formulate a theory
coupling elastic and viscous response of the polymer chains on the energetic level. We derive the basic macro
and microforce balances using the principle of virtual power, restrict the constitutive functions to comply with
the coordinate frame indiﬀerence and material isotropy, adopt neo-Hookean free energy density and reduce
the system to a one-dimensional case via restricting kinematics to radial symmetry. The resulting problem
resembles a classical plasticity problem of expansion of an inﬁnite, thick-walled cylinder.
A series of parametric studies reveal a characteristic anelastic behavior that is in good qualitative agreement
with experimental observations of hydrogels. We predict a characteristic stress relaxation time proportional to
the stretch raised in 4/3 power, and creep ﬂow time proportional to inelastic shear modulus. In addition to our
parametric studies, we also perform simulations involving cyclic variations of stretch and pressure; these sim-
ulations show a characteristic hysteresis loop on a stress-stretch diagram, indicating viscous energy
dissipation.
Finally, we must note that the presented theory and the approach to constructing theories of inelastic mate-
rials is by no means limited to hydrogels, and can be easily adopted to the modeling of other materials with
microstructure, such as polymers, composites and biomaterials.
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